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Abstract
We present a construction which shows that some special continua do not have the nonwandering-eventually-periodic property.
The construction applies e.g. to the topologist’s sin curve and to the harmonic fan.
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1. Preliminaries
A continuum means a nonempty compact connected metric space and a mapping means a continuous function. For
A ⊂ X we denote clX(A) and bdX(A) the closure and the boundary of A in X, correspondingly. We will omit the
subscript X in case when the meaning of the space X is clear. An arc means a space homeomorphic to the closed
unit interval [0,1]. If p and q are points lying in the plane, then pq stands for the straight line segment joining p
and q . Similarly for points a1 . . . an the symbol a1 . . . an stands for the finite union of straight line segments ajaj+1,
j = 1, . . . , n − 1. We use N and R to denote the positive integers and the space of real numbers, respectively.
For a space X, a mapping f :X → X and n ∈ N we denote by f n the nth composition of f , and by f 0 the identity
mapping. Similarly for a negative number n and preimages.
The orbit of x is defined by orb(f ;x) = {f n(x): n ∈ {0} ∪N}, the history of x is defined by hist(f ;x) = {y: x =
f n(y) for some n ∈ {0} ∪N}. The union of the orbit and the history of a point x is called the life of x.
Let X be a space, and let f :X → X be a mapping of X to itself. A point x of X is said to be:
• a fixed point of f if f (x) = x;
• a periodic point of f , provided that there is n ∈ N such that f n(x) = x; if, moreover, f k(x) = x for all integers k
with 1 k < n, then x is called a periodic point of period n;
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• an eventually periodic point of period n ∈ N for f provided that there exists m ∈ {0} ∪ N such that f m(x) is a
periodic point of f of period n;
• an eventually periodic point for f provided that there is n ∈ N such that x is an eventually periodic point of period
n ∈ N for f ;
• a nonwandering point of f provided that for any open set U containing x there exist y ∈ U and n ∈ N such that
f n(y) ∈ U .
For a mapping f :X → X the sets of fixed points, periodic points, recurrent points, eventually periodic points and
nonwandering points of f will be denoted by F(f ), P(f ), R(f ), EP(f ) and Ω(f ), respectively. Notice that
P(f ) ⊂ EP(f ) ⊂ Ω(f ).
A space X is said to have:
• the nonwandering-periodic (abbreviated ΩP-property) provided that for every mapping f :X → X the equality
Ω(f ) = P(f ) holds;
• the nonwandering-eventually-periodic property (abbreviated ΩEP-property) provided that for every mapping
f :X → X the inclusion Ω(f ) ⊂ cl(EP(f )) is satisfied.
2. Known facts
We recall some known results concerning the ΩEP-property:
• In 1978 L. Block proved that an arc has the ΩEP-property (see [1, Theorem C, p. 228]).
• In 1993 X.D. Ye and in 1997 H. Hossaka and H. Katto proved that each tree has the ΩEP-property (see [6,
Theorem 2.6, p. 349], [3, Theorem 1.2, p. 36]).
• In 2004 J.J. Charatonik and A. Illanes proved that the null-comb does not have the ΩEP-property (see [5]).
• In 2005 H. Méndez-Lango proved that the topologist’s sin curve does not have the ΩEP-property (see [2]).
More can be found in [4].
3. Who is wandering?
The study of nonwandering points is related to topological dynamics. It is studied in various situations. Having the
ΩEP-property on trees and keeping in mind the null-comb without the ΩEP-property it is extremally interesting to
which limits can the property be extended.
The null-comb example (see [5]) is wonderful and unbelievable. The construction of the mapping is very funny
and one asks if there is a simpler solution. We do not know any simple insight to this example.
The topologist’s sin example (see [2]) presents a tricky mapping using some small shifts on the slopes of the sin
part of the continuum (to guarantee the nonwandering points) with great jumps from one slope to another (to guarantee
no eventually periodic point on the sin part of the continuum).
We tried to find a simple construction of a space without the ΩEP-property. The advanced function presented
bellow serves not really simple, but at least observable solution.
4. The basic function ϕ
Denote a = (0,1/3), b= (1/16,1/3), c= (1/8,1), d = (1/4,3/4), e= (1/2,1/2), f = (2/3,2/7), g= (3/4,1/4),
h = (13/16,1/8), i = (1,0). Now let ϕ : [0,1] → [0,1] be the (piecewise linear) function with a graph
abcdefghi.
The function ϕ will be called the basic function. Denote ω the restriction of the basic function ϕ to the interval [1/8,1]
with the graph
cdefghi.
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Denote L the boundary of a square centered in (1/2,1/2) with a side of length 1/2. Notice that d ∈ L and g ∈ L.
Notice that the auxiliary segments used to construct the sequence {ϕn(1/4)}∞0 (we draw a segmented infinite loop
clockwise) are contained in L. We see that 1/4 and 3/4 are periodic points of ϕ. Notice that the auxiliary segments
used to construct the sequence {ϕn(0)}∞0 (we draw a segmented infinite loop clockwise) approximate L from inside.
Check the role of the slopes of the segments de and fg. Moreover notice that the auxiliary segments used to construct
the sequence {ωn(0)}−1−∞ (we draw a segmented infinite loop counter-clockwise) approximate L from outside. Check
the role of the slopes of the segments cd and gh. See Fig. 1.
5. The advanced function ψ
Fix a monotone sequence x0 = ϕ3(0) < x1 < x2 < · · · < xn < · · · < x∞ = ϕ(0), limn→∞ xn = ϕ(0).
Notice that the segment joining (ϕ(0),0) and (ϕ3(0),0) is mapped under ϕ2 onto the segment joining (ϕ3(0),0)
and (ϕ5(0),0) etc.
We will modify the graph of ϕ on infinitely many segments and obtain a graph of an advanced function ψ .
First modification is simple. We replace the segment joining (ϕ0(x0), ϕ1(x0)) and (ϕ0(x2), ϕ1(x2)) with the two
segment arc joining the points (ϕ0(x0), ϕ1(x0)), (ϕ0(x1),ω−1(0)) and (ϕ0(x2), ϕ1(x2)). This change will push the
point x1 into the ϕ-life of 0 (using the ω-history of 0 to enter the ϕ-orbit of 0).
Notice that the ψ -orbit of x1 starts this way
x1, ψ(x1) = 1 = ω−1(0), 0, ϕ(0) = 1/3, ϕ2(0) = 2/3, ϕ3(0) = 2/7, . . .
and finally oscillates between neighborhoods of 1/4 and 3/4.
Next modifications are similar. We replace for each n > 1 the segment joining (ϕ2n−2(xn−1), ϕ2n−1(xn−1)) and
(ϕ2n−2(xn+1), ϕ2n−1(xn+1)) with the two segment arc joining the points (ϕ2n−2(xn−1), ϕ2n−1(xn−1)), (ϕ2n−2(xn),
ω−2n+1(0)) and (ϕ2n−2(xn+1), ϕ2n−1(xn+1)). This change will push the point xn into the ϕ-life of 0 (using the ω-
history of 0 to enter the ϕ-orbit of 0).
Notice that the ψ -orbit of xn starts this way
xn, ϕ
1(xn), ϕ
2(xn), . . . , ϕ
2n−2(xn), ω−2n+1(0), ω−2n+2(0), . . .
. . . , ω−2(0), ω−1(0), 0, ϕ(0) = 1/3, ϕ2(0) = 2/3, ϕ3(0) = 2/7, . . .
and finally oscillates between neighborhoods of 1/4 and 3/4.
After all these modifications we obtain a graph of a special continuous function. Denote this function ψ a call it
the advanced function. See Fig. 2.
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6. The harmonic fan F
Denote yn = (0,1/n) for n ∈ N, y∞ = (0,0) and i = (1,0). The union F of infinitely many segments iyn,
1 n∞, will be called the harmonic fan.
Theorem 1. The harmonic fan does not have the ΩEP-property.
Proof. Denote T = {(x, y) ∈ R2: x  1/8}. We define the mapping λ :F → iy∞ using the following rules (we use
the notation according to the definition of the advanced function ψ ):
(i) λ = ψ on iy∞;
(ii) λ(iyn ∩ T ) = xn for n ∈ N;
(iii) λ is continuous on each iyn \ T for n ∈ N.
See Fig. 3.
Fig. 3. The harmonic fan F .
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Now we see that y∞ is in Ω(λ), because some points in the segments used in (ii) are arbitrarily close to y∞ and
their orbits enter y∞ due to the construction of the advanced function ψ .
But T is a neighbourhood of y∞ containing no eventually periodic point. 
7. The topologist’s sin curve S
Denote y∞ = (0,0) and i = (1,0). The union of iy∞ with the set
{
(x, y) ∈ R2: y ∈ (0,1], x = (1 + sin 1/y)/2}
will be denoted S and called the topologist’s sin curve.
Recall that H. Méndez-Lango proved that topologist’s sin curve does not have the ΩEP-property (see [2]). We
prove the same using the advanced function ψ here.
Theorem 2. The topologist’s sin curve does not have the ΩEP-property.
Proof. We use a mapping defined similarly to (i)–(iii) in the above proof for harmonic fan and show that the point
y∞ is nonwandering and in its T -neighbourhood there is no eventually periodic point. See Fig. 4. 
8. The generalized case
We prove here a generalized case of the engine presented in the above two examples.
Theorem 3. Let X be a nonlocally connected continuum with a point p ∈ X such that X is not connected im kleinem
at p. If there is an arc A in X containing p, then the continuum X does not have the ΩEP-property.
Proof. Let U be a closed neighborhood of p such that the space of components of U is zero-dimensional at the
component C0 containing p, and A \ U is not empty. Then U can be written as the union U = C0 ∪ C1 ∪ C2 ∪ · · ·,
where C1,C2, . . . are clopen subsets of U .
Suppose A = pq for some point q ∈ X \ U (the other cases being proved similarly). Let h :A → [0,1] be a
homeomorphism satisfying h(A∩U) ⊂ [0,1/8] and h(p) = 0. Let f :X → A be a function that satisfies (we use the
notation according to the definition of the advanced function ψ )
(1) f |A = h−1 ◦ ψ ◦ h;
(2) f (Cn) = h−1(xn) for n ∈ N.
Such a function exists because the arc is an absolute extensor. Then f (p) = h−1(x∞) and f (U) = h−1({xn}n=∞n=1 ).
Then p is in Ω(f ), because points in Cn for n ∈ N are arbitrarily close to p and their orbits enter p due to the
construction of the advanced function ψ . But U is a neighbourhood of p containing no eventually periodic point. 
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Notice that the above “engine” using the advanced function ψ can be used in various continua. Unfortunately the
engine does not work for the null-comb and the pseudo-arc. One may ask the following questions:
Question 1. To which class of continua can be the engine used?
Question 2. Is there a similar engine for some arc-less continuum?
Question 3. Is there a similar engine for the null-comb?
We recall from [4, Question 3.4, p. 116] the following question:
Question 4. Let a continuum has the ΩEP-property. Does it follow that each its subcontinuum has the ΩEP-property?
Acknowledgements
The authors would like to thank very much the referee for the kindness and the helpful suggestions to modify this
paper.
References
[1] L. Block, Continuous maps of the interval with finite nonwandering set, Trans. Amer. Math. Soc. 240 (1978) 221–230.
[2] H. Méndez-Lango, On the ΩEP property, Topology Appl., in press.
[3] H. Hossaka, H. Katto, Continuous maps on trees and nonwandering sets, Topology Appl. 81 (1997) 35–46.
[4] J.J. Charatonik, On dendrites with ΩEP-property, Math. Commun. 9 (2004) 113–118.
[5] J.J. Charatonik, A. Illanes, Mappings on dendrites, Topology Appl. 144 (2004) 109–132.
[6] X.D. Ye, The centre and the depth of the centre of a tree map, Bull. Austral. Math. Soc. 48 (1993) 347–350.
